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Graphs and their Spectna
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From the @enuithutions tto conferoness ant jounmaks, iitiss
cvidemt that most of the research in mathomatics is
directed towards the development of fibke theoretical
aspect of iits wanions arcas. In this sense mathetnatics is
an art fathomed and pondcred on for thc salke aff ittsawam
beauty. [1 has dawmined tiie direttion obfrmestobf hihe
significant research in other fields. Being an
inccomipaabblc human  achievement. niathematical
creativity has fathered our understanding about the
Jiratwre off rmaanaarddh s mvisiersel nbavaatdbl yg ppparedstly
fulile results find inlniediatc applications in various
ficlds.

Graph (thoony sstartddiaasiarmusigiprain teaseors from tthe
days af Hiddcr, wihosishewed;nin htheigighteenthecemtury,
that the sewen Kiimigsheng bridges cammot be crossed just
once in a closed routc, and! of Guthrie and De Mforgan
who. in the nineteemth contug. gnestioned the number
of wdlours raguired tto cobbouraarrmap.SSircehthent has
been ttayght wmider veariorsggussas tinblddiggopperatiomal
rescarch in imanagement studies, network theory in
crregimccnipgand algoritlinbs imcommputer science. It has
bccorme a valuable forecasting tool in several
applications im indust6: andicommenee,

Since 1'939. chemisls imvestigaming mollcadbar @tbitdls
noliced a relationship betn'cen the cnergy levels and the
stability of a molecule. Tihle HHiidled] mudbecilar cmmbital
theory gives an approximation of thc x-mdlemilar
orbilals of a mwolecuke thy expressing them as a linear
combimatiouof thc atomic pre<oibitdls (Qotton. 1963;
Coulson @ndl RRusitboodk. | 2940;72ikkewkic.1972). When
Schrodimger'ss egpatiom thinddecentinesthbc~molccular
orbital cnergies. is simplified. the resulting equalion is
1h¢ elchraractettisticjoguanioder(hl--A) = 0. where A is the
adjacengy mattix: aft the grepghh wiose: stimcture is e
wine as [that off (He: nlelecule beirig consdziderdd(when
hydrogonsuppressed.. as in the case of hydrocarboms.
which is ithe caasy most cconmnmonlyjuoted im athurilistry
litcrnture) (Spinlter. 1964). The spechrarn of a graph is
thc solution of the characteristic equation of its
adjacency rmatix «and ithe gen values in the spectnwvivn
describe tthe enengy «f the otthimils dftthe nloleoiltewossc
structure is thic same s that of the graph..

The invesligation of Grapth Spectra iss one of the
foramos] ppodbtond sobLiourrentesesaatchninhthththconfi of
graphs. Scveral inrmppotgant researchers have addressed
{be problem :amdl tthc 1 beowyyidsssilfiicinitl ynddwaneédsso
that statc-ofqiie-lut books synthesizing rcsults have

already appeared. Im spite of thiss, titere: is amplc scope

for furlher research. Qe off the Hestt books tiivt offters a

survey of the wark done im this area up to a fiow years
ago, is Spectra of Graplisshy Cretlkovic and co-workers.

1980. When Cwxatthkovic was aifvent teoppresenthis Ph.D.

thesis on the gpedtra of @raphs, san establishet physical
chemist, I. Gutman showed a keen interest in his results.

Hc roedlisedithdt ffor a dlass of mbtecidsstthe @igonvdlucs
in the speammoffaageaphlwere preciselylythbenargyodf
tlic orbitals of the molecrlilavhose structure is tthe ssane

as that of the graph.

The zevodf thre cenergyssdalaidst thattdommaninteraction
betwoon the sgparate atomtdorbitals withtmihe molecule
(Karplus and Porler, 1970). Thus tlhe zermeigenvalliess,
h=(0. deterlnine the non-bonding molboulérrovbivalsls
(NBMAD))responsible ffor tthe iimstdbilisy offaa nméleclde.
The NBMO are described by tthe corrcsponding linearly
independent kernel aigemvadtors of A (Zivkowic, 1972).
The solutions also shed lighr om the clectron demsity
distribution in a *nolaole (Cotton, 1963). So the results
of graph spectra are of great interest in chemistry.

The mathemadiicalanalysisof am existing moleckidintcrms
of iits spectrum may be ulvesiggatddif the bantistbtiwestht
atoms arc knowm. The data is representtetl @s an adjacengy
lisl expresing bhe meighibouriggatom b £edch@onintthe
nlollmﬂtcwm&a(()- 1) adjacengy mutrixA in whidh an -j
cntp is [ if the comcgpowdiggpatomsane bondied witthd the
wioddoaigle:amtl Avie otherwiise. The vanishimg of the
determiimarirobfl is am indication of iimstabilytyEvem ttre
charactenitcagablion sl fOeHU-A)%, where A is the
adlacony matnx of the graph whose sstattmcsistthesame
as that oditblionalotetubeing consitteredggivesiamumhbenbf
resuilts:dbot~bE krsttuctwfetbf thelagolecde.

A graph whosezadajacenapatiix has the nummbher zeroiinits
spedtmmn iis saild ko be singuitar. Alithowgh ssome resnlls
regarding bipartite grgphs Hiavc adleeddyapppearedninhthe
litoratture, identification espedidlly ffor afdubitraryrgrhphis
compllex &5 with iinceeasingorder the number of basic
structiines  respomsible for the singulamities increases
cnomwoesly.

As highly reatlivcrootiecidearedfituldt lo prepane amd fo
isolatte. amtvecyyunsusivhblit. woulld be useffull topredittiheir
possibitcsmlatire Thelcirardctisation efgingnkmmghaphs is
dillamopem quesijon. 1 1hihisagspect thenanbloorteess hradl
sotnc success in dharacterising mminimal conffigurions
(Sciriha, 199%). A systematic searchifdbthehminimabal
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configurations in singular graphs it give nise t® @
singularity was carried out on the grounds that a llineatly
dependent set oftfmow wectors of A.. the adjacency matrix
of the graph, is presemt. Thellinearcoonibmaitonbbetvesan
the t row vections i ttammzadl 2 kernel relation and is
denoted K. It is moted diket ttheecoeéfTeceenssodf the Keariedl
relation are the ordered emtiiss off thiee covresppomidngg
kernel eigemvector in the millypaceaff A. An alggnitfm
was set up to identify the non-isomorphic singular
graphs for successive values of &. This tfeany beeoomess
more and more cumbersome when applied to large

systems. Ome cam practically not avoid the use of an

appropriate software package, such as
MATHEMATICA, used in programmimg mode, for
values oftf lkanger tthancoreggua ltobS

The first stage was to dietexmine the core, ¥,, which is
the subgraphs imthezdlbyy tihe wetivesscooresppomidung tto
these ¥ row weatons offA. From the core X,, a minimal
configuration (If,xcR) t tiy is"grown” by adding a
periphery. a set of vertices adjacent to those of the core,
until the muntber of zero eigenvalwes iinthse Spectrumm aff
the resulting graph G, czdléetthke nullity of the graph G,
is reduced to ome. In the case when the core has ome zem
eigenvalue in its spectrum then the minimal
configuration. I', is the core itself. Such a graph has
been called a nut graph as the periphery is empty
(Gutman and Sciriha, 1995). The core ¥, and kernel
relation R, of the minimal configurations T, thus
obtained will be unique. There may be several
peripheries for the same anxe antlkkenntletlatossalthat
there is a many-tw-eme correspondence between the
structures of minimal configurations I and the pair
(xiR). Swath muiimiimd! canfiipmeaions aretlbe saidpgagphs
found in all singular graphs. The 61 minimal
configurations for t less or equal to 5 have been
characterized. Sevexal properties for larger t have akw
been established.

The core may shed light on the charge density
distribution in a mlecule. Tiewetttessodfthbecoord have
been shown to conrespond tto atonssthha e rrekehaeeidich
in some iwss and modécokidss. These are tihe atoms that
are likely to be involved iim chemical reactions.

As different minimal configurations may be "grown"

from the same care, 2 maximum cenligmrafinn may be
set up by iitbadings adll thiee peeiplieeal] veeticessuseddtdao
build up the minimal configurations from a core %;

satisfyimg the relation R, In this way theeldaggsttgrapbh
with the number zero in its spectrum satisfying a

particular kermell relation R, with all the vertices @ff the

periphery jjnined to those of the core andl tHenssdives

inducing a null graph, is obtained. This coonfigursimm

may have more than one zero eigenvalue.

Corresponding to eathzeeroectiganvhioeiss @ core antdaa

particular kernel relation (Sciriba, 1995a).

The graph may be enlarged further by including ediges
betweem the vertices in the periphery amd ko by jjoini

arbitrary graphs to tthe veeticess iin the patjpghery. In this
way the order of the graph muay be imaressed iindiefimiitelly
without upsetting the amre ¥, or e relation IR, SSoviill
the rank of the graph which is equal to the ovdderldsss
the nullity.

In 1993 M. Ellimgham pubiisdicd] a0 papeersbhovinggtbiaat
he has addressed the prsiblem of simgidagrppbsifrom a
different point off view (Ellingham, 1993). He also built
a singular graph G from "basic sulbgraphs”. These e
defined as non-simgmlar graphs of order r wihere rissthie
rank of the adjacency matrix of G. It has adiso been
interesting to investiga graphs of small rank. As the
order of & graphh idsinareaseddh ganklisiképpiikrddonr
under comnirol at smalll wedlues by adidimg veetttess wihiich
increase the nullity, that is the number of zero
eigenvalues in the spectrumn. Thuos as new vextices ane
included more minimal configurations are d iscovered s
subgraphs. For very smmall rank only complete k-jpartite
graphs are admissible. allowing only vertices of dhe
same type, that is vertices having the same set of
neighbouring vertices. For rank greater than arezudltto
4 more minimal configurations contribute to the nullity.

As the sett affminimal confiigjurtomsschhraatarivizig gingigatar
graphs B being collentted andl their propertics studicel.
celtaiin commeom properticss asee ahieadylyapparemint Inlrfaghct
sevanzll conjectwses have beem naddeththeatdit@fofkithch
will bz inwestiggted JODN suthchomedaokiie ondhelvenonomon
value L of the coefficitent of A of the characterisic
polymemitsll Det(A~-A)) where A is the adjacency matrix of
the graiplh, formiinimall configgurdioms ggoowarfiovontlib smame
core for the same kemell redhtivon. [tlisicongegeuad diiah it
may be exppeessddrinteems ob fhb ppoperitsebHthh o sntetex-
deleted! . subgnaptiss of the comespondiingy minimal
configurationn(SSiritika) 9954Hb).

J.J. Seidel who iis on of the pionses of the developument
of Graph Spectra stressed his belief that the
eigensolution holds tihe secrets tio thee unttesstardling @f
graphs and the systems they model. The aim of this
work is to unravel some solutions of significant
importance.
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